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Abstract: The joint beamforming design challenge for dual-functional radar-communication systems is addressed in this paper. The base sta-
tion in these systems is tasked with simultaneously sending shared signals for both multi-user communication and target sensing. The primary
objective is to maximize the sum rate of multi-user communication, while also ensuring sufficient beampattern gain at particular angles that
are of interest for sensing, all within the constraints of the transmit power budget. To tackle this complex non-convex problem, an effective al-
gorithm that iteratively optimizes the joint beamformers is developed. This algorithm leverages the techniques of fractional programming and
semidefinite relaxation to achieve its goals. The numerical results confirm the effectiveness of the proposed algorithm.
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1 Introduction
n future 6G wireless networks, we expect that the scarcity
of spectrum resources will be exacerbated by the increas-
ing number of wireless communication devices and

131 The growing

higher demands for transmission rates
sensing requirements in applications such as unmanned aerial
vehicles and intelligent vehicles have made the coexistence of
476 Due to the

benefits of low hardware complexity reduction, spectrum shar-

radar-communication spectrum a vital issue

ing, low power consumption, and joint signal processing, dual-
functional radar-communication (DFRC) is now regarded as a
key enabling technology in 6G systems’ ®.

In the DFRC systems where radar and communication
share a platform, the joint beamforming design enables multi-

user communication and radar sensing by exploiting the spa-

This work was supported in part by the National Natural Science Founda-
tion of China under Grant No. 62201266, and in part by the Natural Sci-
ence Foundation of Jiangsu Province under Grant No. BK20210335.

tial degree of freedom (DoF)P. In Ref. [10], the goal was to
minimize the radar beampattern mean square error while satis-
fying communication quality of service constraints. In Ref.
[11], the beamforming design was proposed to maximize the
worst signal-to-interference-noise ratio (SINR) among all us-
ers, while satisfying the transmit waveform covariance and
power constraints. The Cramér-Rao bound was used as the ra-
dar performance metric and the SINR as the communication
metric to optimize beamformers''”. Under constraints of power
and signal-clutter-noise ratio, a low-complexity beamforming
scheme to maximize the sum rate was investigated in Ref. [13].

While these works considered the communication metrics
as the objective function, the authors investigated the joint
beamforming design using the radar metrics as the objective
function in Refs. [14 = 16]. In Ref. [14], an approach to mini-
mizing the radar beampattern mean squared error under the
SINR constraints was proposed. In Ref. [15], under the same
SINR constraint, the authors developed the joint beamformer
by matching the radar detection beampattern. In Ref. [16], the
authors compared the beamforming designs of the beampat-
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tern matching error minimization and the beampattern gain
maximization under the power and SINR constraints. A short-
coming of the conventional beampattern matching design is
that a fine grid of points covering the location sectors of inter-
est is required to approximate the desired beampattern. In con-
trast, the beampattern gain maximization design focuses on
the direct optimizing of the radar direction gain without requir-
ing complex dense grids, which inspires us to leverage this
characteristic for DFRC beamforming design.

In this work, we study the joint beamforming design prob-
lem for the DFRC systems in which a base station (BS) trans-
mits the shared signals for both multi-user communication and
radar target sensing. Our goal is to maximize the sum rate un-
der the constraints of the radar beampattern gain and the
transmit power budget. To tackle the non-convexity of the
problem at hand, we employ the fractional programming (FP)
method to obtain a tractable form of the objective function”.
Additionally, the non-convex radar beampattern gain con-
straints are handled using the semidefinite relaxation (SDR)
technique™’. By doing so, we design an iterative algorithm to
obtain the joint beamformers for radar sensing and multi-user
communication. Numerical results demonstrate that a flexible
trade-off between the communication sum rate and radar be-
ampattern gain performance can be achieved by the proposed
algorithm.

Notations are as follows: A and @ denote a matrix and a col-

* H
) and ( - )" denote the
matrix transpose, the conjugate and the conjugate transpose,

umn vector; Superscripts ( . )T, ( :

respectively. Expectation and the real part of a complex vari-
able are denoted by E{ - } and R {}; Tr( - ) stands for the
trace of a matrix. I is an N X N identity matrix; rank (A4) de-
notes the rank of A, and A > 0 indicates that A is positive
semidefinite.

2 System Model and Problem Formulation

As shown in Fig. |, we consider a DFRC system in which
the BS is equipped with an N-antenna uniform linear array
(ULA). The BS simultaneously serves K single-antenna users
and senses () potential targets. The shared transmit signal
from the BS can be expressed as

x = zwksk, (1)

k=1

where w, € CV*'

is the beamforming vector for the k-th user,
and s, is the transmitted data symbol satisfying E {s,s,} = 1
and E{sis;} =0, Vi #j. The power constraint at the BS is
> wP <P, . where P

power budget. The received signal of the k-th communication

is the maximum transmit

max

user can be given by

yk:hlilx-'-nk’ Vk7 (2)

where n,;CN(O, o'i) is the independent identically distrib-
uted (i.i.d) complex Gaussian noise with the variance o7;. In

this work, we consider the widely adopted geometric channel

model given by Ref. [19]':

h —Fia ( C¥', Yk
) @ d)k,l)e ) )

e 3)

where L, is the number of paths between the BS and the k-th
user, o, ; is the gain of the [-th path for the k-th user, ¢, , is
the angle of departure (AoD) of the k-th user of the [-th path.

The transmit steering vector of direction 6 is specified as

1 2 2 '
128 dcos PZT (N = 1) cos
/\ dcosf X iy d(N - 1)cos @
’

a()=—— 1,ej e, e
VN (4)

where d and A are the antenna spacing and signal wavelength.

Under this setup, the sum rate of all k users is expressed as

R = Bz log,(1 +7,). (5)

where B is a constant denoting the channel bandwidth. Be-
sides, vy, is the SINR of the k-th user and is given by

Target 2 Target Q

Target 1 . . .
[

D User 1
h,
D User 2

hy D User K

A Figure 1. Illustration of the considered dual-functional radar-
communication (DFRC) system

1 The line-of-sight component is part of the channel model, making it easier to observe the impact of the user’s direction on the beam gain. The proposed method is applicable to various

types of channels.
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bl w,

Y= x> vk

K 2
H 2
2|hk“’f| t o

ik . (6)

For the radar sensing, the detection performance of poten-
tial targets can be enhanced by forming highly directional
beams towards the target directions. The transmit beampattern

gain at a particular angle is given by Ref. [20] as

p(9)=E{|aH(0)xlz}=aH(H)(wkwkH)a(H). (7)

Our goal in this work is to design the beamforming vectors
{w,}X_,, such that the sum rate is maximized under the con-
straints of the transmit power budget and the radar beampat-
tern gain of Q directions is guaranteed. The corresponding op-

timization problem can be formulated as

K
max;,, | A; 10g2(1 + yk), (8a)

K
s.L. 2|lwk||2 <P,

(8b)
11( )( N 11) ( )
a’(6 w,w, |al0,)>T, P..Vq,
! kZl P ! (8¢)
where 6, is the direction of the g-th target, I' P represents

the required beampattern gain towards the g-th target, I' is a
< 1. Tt should

be noted that due to the logarithmic and fractional terms in

weighting coefficient satisfying I') + -+ + T,

Eq. (8a) and the non-convex radar beampattern gain con-
straints in Eq. (8c), it is challenging to directly handle the op-

timization problem.

3 Proposed Joint Beamforming Design for
DFRC Systems

In this section, we present an iterative algorithm for solving
the considered optimization problem (8). We first use the FP
method to tackle the complex objective function (8a) and then
transform a considered problem into the tractable form based
on the SDR technique.

3.1 Transformation of Objective Function

We study the properties of the objective function (8a), a
typical function with multiple fractional terms. Our goal is to
convert the objective function to a tractable form. Using the

07 we take the fractional

Lagrangian duality transformation
term 7y, out of the logarithm and then transform the function
(8a) into a polynomial expression.

Proposition 1: The objective function (8a) can be con-
verted into

1+V, |h wk’

zlog21+vk -, +z
k=1 k=1 2 2
lh'wl + o,

Z : L )

where v, is an auxiliary variable satisfying v, = y,, V.

Proof: See Appendix A.

Proposition 1 illustrates that the objective function (8a) is
equivalent to Eq. (9) as long as v, = y,. Even after this trans-
form, solving the problem remains challenging due to the last
term in the objective function (9), which is the sum of % frac-
tional terms. To address this issue, we use the multidimen-
sional quadratic transform'"”.

Proposition 2: The fractional term in Eq. (9), that is
(1+v,)lh"w,P

K
lhiwl + o}
,Z{ W k , (10)

. Yk

which can be quadratically transformed into

2 /1 +v, Rl hl'w,) - zw Plhfwlf - Iz, Po?,

= (11)

where {7, ) _ | is the fractional programming auxiliary variable
expressed as

/1 +v, k! I +v hw,

K
zm,{?wf + o2 12)

Proof: See Appendix B.
Using Proposition 2, Eq. (9) can be further reformulated as

ﬁlog(l + Vk) - ivk +

k=1 k=1

K
2(2 1+v, R{r,h'w,} 2|r|2|h”w|2 Iz o )(1

k=1

To facilitate the beamforming design, we determine the opti-
mal auxiliary variables v, and 7, by applying v, = vy, and Eq.
(12). Then, we extract the term containing w, from the objec-

tive function (13) and rewrite the objective function as

K
217 H 2| —
- > Ihiwkl)—

i=1

.
2(2 1+v, Rz h'"w,}

k=1

i(«/ I+, (Tihfwk + wfhka) - wkHi | Tilzhihflwk)’
‘=1

k=1

(14)

where the equality holds due to 2R {A}=A + A”. By defin-
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K
ing B,=J1+v, h7, and A = zlr Ph.h!, the optimization

=
problem can be compactly formulated as

K
" " "
max,, | z(ﬁk w, + w, B, - kawk)
=1

, (15a)

K
2
st > lwlP <P,

= (15b)

aH(ﬁq)(iwkwf)a(ﬁq)> P....Yq.
i=1

(15¢)

One can see that (15) is a non-homogeneous quadratic con-
strained quadratic programming (QCQP) problem. In the next
subsection, we reformulate the problem (15) as a homogeneous
QCQP problem and adopt the SDR technique to obtain the op-
timized DFRC beamformers.

3.2 Solution via SDR
We first derive the equivalent form of beampattern gain con-
straint (15¢) by introducing the auxiliary variable ¢, i.e.,

zaH(Gq)(Ewkwf)a(G )=

k=1 i=1

Sleroaol[ ety ]- S

k=1 =1 ? (16)
where the last equality holds by defining

xk:[wq,cq:[a<eq)a<eq>” }

¢ 0 0 (17)

The non-homogeneous objection function (15a) can be
equivalently expressed as the following homogeneous form:

DER PRI ] m

where Eq. (18) equals to the objective function (15a) by in-
troducing the constraint #* = 1, which can be equivalently
written by

S ] I (19

Also, the power constraint (15b) can be manipulated as

é[’”g"][év %}[u;k] < Foas. (20)

For simplicity, we define
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A {—? Bk} 2 {IN 0} b :[ow o}

Optimization problem (15) can be restated as

K
i xjem ZTr(Aka)’

k=1
K

s.t. z Tr(BXA) < Pmax’

Yq,

Tr(DXL) =1 rank( ,)= 1,
X, >0, (22)

where H" *!

tian matrices. Note that Eq. (22) is still a non-convex optimiza-

is the set of N + 1 dimensional complex Hermi-

tion problem due to the existence of rank-one constraints. We
relax the non-convex constrains and then transform problem
(22) into a convex one. Then, we can solve the converted prob-
lem using the CVX toolbox in MATLAB®'. Finally, by apply-
ing the Gaussian randomization technique to reduce the rank

[18]

of the X, matrix to one" ", we obtain the beamforming vectors

{w,}}_,. Algorithm 1 summarizes the proposed algorithm for
problem (8).

Algorithm 1. The Proposed Algorithm for Problem (8)

Input: N, K, b, -,
threshold & > 0

hy, maximum iteration number iter, , and

Output: {w, J} _,
1. Initialize randomly { w"}¥_ |, compute the sum rate R”;

2. While iter < iter,,, and | R = R ~V|/B > & do

3. Update { p{"}_ Vi V5

4. Update { Tk“"“')}k= , via (12);

| viay, =

5. Update { ng‘”) }t -, via (22) and Gaussian randomization
technique;

6. Compute R yia (5);

7. iter=iter+1;

8. End while.

The main computational complexity of the overall algorithm
is dominated by Step 5 of Algorithm 1. For solving problem
(22), the interior-point method is commonly utilized". The

. K .
updating  {X,};_, s
O(K3'5N7 log(l/g)), where € is the given accuracy level.

computational  complexity  of

The Gaussian randomization technique is then employed to re-
cover the beamforming vectors, which adds a complexity of
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@) (K2'5 N’ ) The complexity is  of
O(K3A5N7 log( Ve ) n O(Kz,sNa))[zzl'

overall order

4 Numerical Results

In this section, we present the numerical results to investi-
gate the performance of the proposed DFRC joint beamform-
ing design.

Unless stated otherwise, we assume that the BS equipped
231 and the an-
tenna spacing is set to d = A/2. As for the channel model, we
consider L, = 5 paths with a, ,~CN'(0,1). The AoDs follow
the Laplacian distribution with uniformly distributed in [0, 1)
and angular spread of five degrees **. We set the bandwidth
as B = 10 MHz. In addition, we set () = 3 sensing directions
with angles of 50°, 90° and 130°""*, We assume that the beam-

pattern gain is the same for all target directions (l"q =T, Vq),

with N = 16 antennas is serving K = 4 users

which allows us to calculate the maximum weighting coeffi-
cient of beampattern gain for each direction as I' = 1/Q.

The signal-to-noise ratio (SNR) is defined as P /O'f, with

o; =1, Yk. We set the maximum iteration number iter,, =

100 and threshold e=107. The performance of the proposed al-
gorithm is averaged over 500 Monte-Carlo realizations.

max

In Fig. 2, we demonstrate the convergence behavior of the
proposed algorithm under different beampattern gains, while
holding a fixed SNR of 0 dB. It is evident that the proposed al-
gorithm converges after 30 iterations. This trend is steady, in-
dicating a robust and stable algorithm.

Fig. 3 illustrates the performance of sum rates versus SNR
for different values of I'. As seen in Fig. 3, the sum rate is the
highest in the communication-only case (I" = 0), which means
there is no constraint imposed by the radar beampattern gain.
Conversely, as I' incrementally increases, a noticeable decline
in the sum rate performance is observed. This trend can be at-
tributed to the shifting design focus towards enhancing radar

—T-0
_ F:0'6Fmax = |
— F_Fn\d‘(
3 |
£
E
g 4
E
7
10 5 10 15 20 25 30

Iterations

AFigure 2. Sum rate convergence behavior of the proposed algorithm

140 T T T T T T T T T
——T=0

Sum rate/(Mbit/s)

SNR/dB
SNR: signal-to-noise ratio

A Figure 3. Sum rate versus SNR for different I"

sensing capabilities. In essence, as the value of I' escalates,
the system’s priority transitions from solely maximizing com-
munication sum rate to a more balanced approach.

We evaluate the trade-off between the communication sum
rate and the radar beampattern gain with different numbers of
BS antennas in Fig. 4, where SNR is set to 0 dB. It can be
seen that the sum rate performance increases with the number
of antennas. Additionally, when the number of antennas in-
creases, the beampattern gain increases as well due to the in-
creased Dok

Fig. 5 depicts the beampattern gain of the proposed design
when SNR = 0dB. Our proposed DFRC design simultane-
ously allocates the beampattern gain to the directions of the
sensing targets and communication users. Specifically, as the
value of I' increases, the beampattern gain weight becomes
more tilted towards the radar, which is consistent with the re-
sults in Fig. 3, where the sum rate gradually decreases. In Fig.
6, we further present the beampattern performance, where us-
ers are located at [300, 70°,110°, 1500]. One can clearly ob-

110 T T r

100 |

90 1

60 [ 1

Sum rate/(Mbits/s)
-
IS

50 [ 1

30 . 1 | 1
0 0.2I° 0.4I° 0.6I" 0.8 r

max max max max max

r

AFigure 4. Sum rate versus I for different numbers of antenna
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0.5 T T T T T T T T
l_‘:()'41—‘mil\
l‘:O'ﬁl‘mﬂx

—_T=T
04 _

Beampattem gain

L f h L

0 20 40 60 80 100 120 140 160 180

Angle/deg

A Figure 5. Radar sensing beampattern performance comparison of dif-
ferent I', where user directions are uniformly distributed from [ 0, )

0.5 - : . . T T T T
— I—‘:rm‘lx _r=0~6rmdx
——TI=04I" —TI=0
04L O Target directions ¥ User directions ||
g
% 03f .
£
3
3
P ooz ]
) A
o] I\ ]
0 L e Py AV (s v 1
ol A Lol L\ Lad A ™~

0 20 40 60 80 100 120 140 160 180
Angle/deg

A Figure 6. Radar sensing beampattern performance comparison of dif-
ferent I', where users are located at [30°, 70°, 110°, 150°]

serve that the beampattern gain is allocated to the desired di-
rections of the sensing targets and users in the radar-only (I' =
I',..) and communication-only (I' = 0 ) cases.

Fig. 7 depicts the radar sensing beampattern performance
for different values when the positions of the communication
users and radar targets coincide. One can see that, as the I’
value increases, the beampattern gain at the radar target and
communication target directions (50°, 90°, 130° ) increases.
In addition, compared to the case where users and targets are
located at different directions in Figs. 5 and 6, the case where
users and radar targets coincide shows higher beampattern
gain at the same value of I'. Fig. 8 shows that the proposed
method achieves a balance between communication and sens-
ing. In the radar-only case, compared to the scenario where
the communication users and radar targets are separated, the
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A Figure 7. Radar sensing beampattern performance comparison of dif-
ferent I', where the positions of the communication users and radar tar-
gets coincide
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SNR: signal-to-noise ratio

A Figure 8. Sum rate versus SNR for different I', where the positions of
the communication users and radar targets coincide

sum rate performance is better.

S Conclusions

In this work, we study a joint beamforming design prob-
lem for the DFRC system and propose an iterative algorithm
to maximize the sum rate under the radar beampattern gain
and power constraints. Utilizing the FP technique, we trans-
form the complex non-convex problem into a more tractable
form and apply the SDR technique to solve this transformed
problem. From our experimentation, we demonstrate that the
proposed algorithm can achieve a flexible trade-off between
the communication sum rate and the radar beampattern gain

performance.
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Appendix A
By introducing K auxiliary variables v, to replace each frac-
tional term y, in Eq. (5), we can rewrite the unconstrained

sum rate maximization problem as

K
max zlog(l + I/k)

[l
<vy,.Vk. (23)

s.t. v,

Note that Eq. (23) is a convex optimization problem satisfy-

[25]

ing the strong duality™". By introducing K multipliers A,, we

can obtain a Lagrangian function as

L= zlog(l +Vk)— zAk(Vk_yk)' (24)

k=1 k=1

By setting 0L/dv, =
selting dL/9A, = 0, we can obtain the optimal A} as

0, we obtain the optimal v; = y,. By
1
A= ——
oLy, (25)

With the optimal A}, Eq. (24) can be written as
K

K
Z 1 +VA z)\/:(”k_%):

k=1 k=1

K K
z 1+VA

z Yy +i Ye  _
Sty Al ty,

K
c vl DR wl + o} + b w, P
log(1+vk)—2 e +
: Pt S hiwl + o}

i=1

M

=
1l

L v, b w, L b} w, I
2% P -
k= k=1
zthw P+ o} Sihlwl + o}
i=1

Ho P
kilog(l + Vk)— Aivk + z(:w
c= 1 =1 2 2
z wl + 0} . (26)

where the second equation holds by substituting the expres-
sion of y, in Eq. (6). Expression (26) has the same form as
Eq. (9) in Proposition 1. By substituting »; back into Eq.
(9), we can obtain objective function (8a), which completes

the proof.

Appendix B
To obtain an equivalent form of Eq. (10), we can rewrite
Eq. (11)as

K
2. H 2 2 2 _
Sz ihfwf - lr,fo; =

i=1

[1+v, R{r,hw,}-

o
=z, " |=

(ilh;'w[|2+0'f) 2 /1+V, Rbig { 7, h}'w, big }

= 2|h”w|2+aA

i=

/1+v, hw, Vi

2 Ty

P 2 K
Ho, 2

(EIhffwi|2+o'§) zlhkwil t oy
=

i=1

(St oot

i=1

(27)

where the first equation holds by factoring out the common

K
terms from E‘Ihfwil2 + o;. Note that, when we have
.=1

/1 +th w, Vi
zlhﬂ + 0}
(28)

Eq. (27) becomes equivalent to Eq. (10) in Proposition 2,

which completes the proof.
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