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Abstract

Filter⁃bank multicarrier (FBMC) with offset quadrature amplitude modulation (OQAM) is a candidate waveform for future wireless
communications due to its advantages over orthogonal frequency division multiplexing (OFDM) systems. However, because of or⁃
thogonality in real field and the presence of imaginary intrinsic interference, channel estimation in FBMC is not as straightforward
as OFDM systems especially in multiple antenna scenarios. In this paper, we propose a channel estimation method which employs
intrinsic interference cancellation at the transmitter side. The simulation results show that this method has less pilot overhead,
less peak to average power ratio (PAPR), better bit error rate (BER), and better mean square error (MSE) performance compared
to the well⁃known intrinsic approximation methods (IAM).
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1 Introduction
rthogonal frequency division multiplexing
(OFDM) has been widely used in communication
systems in the last decade. This is because of its
immunity to multipath fading and simplicity of

channel estimation and data recovery with a low complexity
single⁃tap equalization, and also suitability for multiple⁃input
multiple ⁃output (MIMO) systems [1]. However, it suffers from
disadvantages such as sensitivity to carrier frequency offset
(CFO), significant out⁃of⁃band radiation, and cyclic prefix over⁃
head. In the presence of CFO, there is loss of orthogonality be⁃
tween subcarriers leading to inter carrier interference (ICI).
Moreover, to efficiently use the available spectrum, a waveform
with very low spectral leakage is needed.

Because of the OFDM shortcomings, filter⁃bank multicarrier
(FBMC) modulation combined with offset quadrature ampli⁃
tude modulation (OQAM) has drawn attention in the last de⁃
cade [2], [3]. Regardless of the higher complexity compared to
OFDM, FBMC (known as OFDM/OQAM and FBMC/OQAM in
the literature) provides significantly reduced out⁃of⁃band emis⁃
sions, robustness against CFO [4], and under certain condi⁃

tions, better spectral efficiency as there is no need to use cy⁃
clic prefix (CP) [5]. These advantages come from well localized
prototype filters in time and frequency domain for pulse shap⁃
ing. Accordingly, FBMC can be a promising alternative to con⁃
ventional radio access techniques to improve wireless access
capacity.

On the other hand, as orthogonality in FBMC systems only
holds in the real field, received symbols are contaminated with
an imaginary intrinsic interference term coming from the neigh⁃
bouring real symbols. The interference becomes a source of
problem in channel estimation and equalization processes, es⁃
pecially in MIMO systems. The pilot symbols used for channel
estimation should be protected from interference as the receiv⁃
er has no knowledge about their neighbours to estimate the
amount of interference. These protections cause overheads
when designing a transmission frame. In a preamble⁃based ap⁃
proach, the preamble should be protected from the subsequent
data transmission and the previous frame by inserting null sym⁃
bols, which causes longer preamble and thus more overhead
compared to OFDM. This is also true for scattered pilots where
the neighbouring data symbols contribute to the interference
on the pilots [6]. In this scenario, typically one or two time⁃fre⁃
quency points adjacent to the pilots are used to cancel the in⁃
terference on the pilots [7]-[10].

Interference Approximation Method (IAM) for preamble ⁃

O
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based channel estimation in single⁃input, single⁃output (SISO)
systems was first introduced in [11]. The preamble was named
IAM⁃R in the literature, where R denotes real ⁃ valued pilots.
Alternatively, IAM⁃I and IAM⁃C were introduced in [12], [13],
where I and C stand for imaginary and complex pilots. Those
preamble based channel estimation schemes were extended to
FBMC⁃MIMO systems in [14]. In IAM⁃I and IAM⁃C, pilots on
each subcarrier interfere with their adjacent subcarriers in a
constructive way. That is, these methods use the intrinsic inter⁃
ference to enhance amplitude of the pilots. As a result, better
performance of channel estimation is achieved. Despite good
performance, IAM methods suffer from increased pilot over⁃
head, i.e., a number of zero symbols are required to protect the
pilot symbols from the interference of their adjacent symbols.
While the number of pilot symbols is equal to the number of
antennas, the total number of symbols in the preamble will be
more than twice the number of transmit antennas.

This paper proposes a channel estimation method with re⁃
duced preamble overhead compared to the IAM family. The
idea was first introduced in [15] for MIMO⁃OFDM. Applying
this method to MIMO⁃FBMC with spatial multiplexing needs
further consideration to cancel intrinsic interference. By using
basic idea of zero forcing from single antenna, this method has
modest computation complexity, while it can outperform IAM
methods in terms of peak to average power ratio (PAPR), bit er⁃
ror rate (BER), and mean square error (MSE) under perfect syn⁃
chronization conditions and in presence of carrier frequency
offset.

The rest of this paper is organized as follows: Section 2 re⁃
views the MIMO⁃FBMC systems, the effect of intrinsic interfer⁃
ence, and the conventional channel estimation methods. In Sec⁃
tion 3, the new method for channel estimation is proposed and
Section 4 shows the results and comparisons with IAM meth⁃
ods. Finally, conclusions are drawn in Section 5.

2 MIMO⁃FBMC System

2.1 System Model
FBMC systems are implemented by a prototype filter g( )t

and synthesis and analysis filter ⁃banks in transmitter and re⁃
ceiver side respectively. The real and imaginary parts of com⁃
plex symbols are separated in two different branches where
they are modulated in FBMC modulators as real symbols.
Therefore, at a specific time, each subcarrier in this system car⁃
ries a real⁃valued symbol. Denoting T0 as symbol duration and
F0 as subcarrier spacing in OFDM systems, duration and sub⁃
carrier spacing in FBMC are either τ0 = T02 , ν0 =F0 or
τ0 = T0 , ν0 = F02 [16]. For the system model in this paper, the
former approach is adopted. That is, subcarrier spacing re⁃
mains the same as OFDM, while symbol duration is reduced by

half.
Assuming a multiple antenna scenario with P transmit anten⁃

nas, Q receive antennas, and M subcarriers, the baseband sig⁃
nal to be transmitted over the p th branch in general form is
expressed as
s
( )p ( )t =∑

n = -∞

+∞ ∑
m = 0

M - 1
a
( )p
m,ngm,n( )t , (1)

where a
( )p
m,n is the real⁃valued symbol, and gm,n( )t is the shift⁃

ed version of the prototype filter on the m th subcarrier and at
n th symbol duration:
gm,n( )t = jm + ne j2πmν0t g( )t - nτ0 . (2)
The prototype filter g( )t is designed to keep its shifted ver⁃

sions are orthogonal only in the real field [17], i.e.,
R
æ
è
ç

ö
ø
÷∫gm,n( )t g*

m0,n0( )t dt = δm,m0
δn,n0 , (3)

where R( ). denotes the real ⁃part of a complex number. As a
consequence, the outputs of the analysis filter⁃bank have a so⁃
called intrinsic interference term which is pure imaginary. The
demodulated signal on the q th receive antenna at a particular
subcarrier and symbol point ( )m0,n0 is given by
y
( )q
m0,n0

=∑
p = 1

P

h
q,p
m0,n0

a
( )p
m0,n0

+ jI ( )q
m0,n0

+η( )q
m0,n0

, (4)

where h
q,p
m0,n0 is channel frequency response at ( )m0,n0 be⁃

tween qth receive and pth transmit antenna, η
( )q
m0,n0 is the noise

component at qth receive antenna, and the interference term
I
( )q
m0,n0 is formed as
jI

( )q
m0,n0

=∑
p = 1

P ∑( )m,n ≠ ( )m0,n0

h
q,p
m,na

( )p
m,n g

m0,n0

m,n . (5)
In (5), g

m0,n0

m,n is expressed as
g

m0,n0

m,n = ∫gm,n( )t g*
m0,n0( )t dt . (6)

Having the prototype filter g( )t well localized in time and
frequency, it can be assumed that the intrinsic interference is
mostly due to the first ⁃ order neighbouring points. That is,
( )m,n in (5) can take the values of Ω* as follows [6]:

Ω* ={ }( )m0,n0 ± 1 ,( )m0 ± 1,n0 ,( )m0 ± 1,n0 ± 1 , (7)
which covers the ( )m0,n0 point first⁃order neighbours. By as⁃
suming constant channel frequency response over ( )m0,n0
and Ω* , we can simplify (5) as

jI
( )q
m0,n0

=∑
p = 1

P

h
p,q
m0,n0 ∑( )m,n ∈Ω*

a
( )p
m,n g

m0,n0

m,n . (8)
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Consequently, (4) can be written as

y
( )q
m0,n0

=∑
p = 1

P

h
p,q
m0,n0

æ

è

ç

ç

ç
çç
ç

ö

ø

÷

÷

÷
÷÷
÷

     a
( )p
m0,n0

+ ju( )p
m0,n0

c
( )p
m0,n0

+η( )p
m0,n0

, (9)

where
ju

( )p
m0,n0

= ∑( )m,n ∈Ω*

a
( )p
m,n g

m0,n0

m,n . (10)
Table 1 shows the number of g

m0,n0
m,n coefficients on the first⁃

order neighbours of the point ( )m0,n0 . The weights of interfer⁃
ence, β , γ , and δ, depend on the prototype filter and have
been derived in [18]. In this work, the isotropic orthogonal
transform algorithm (IOTA) [19] filter is employed. It exploits
the symmetrical property of Gaussian function in time and fre⁃
quency. Therefore, the amount of interference out of first⁃order
neighbouring points is negligible. The weights of interference
for this filter are β = 0.2486 , γ = 0.5755 , and
δ = 0.1898 (Table 1) .

The MIMO⁃FBMC signal model can be represented as
æ

è

ç

ç
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÷

÷
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(11)

where c
( )p
m0,n0 is defined in (9). To retrieve the transmitted sy⁃

mbols from the system above, it is necessary to have an evalua⁃
tion of the channel coefficients, which are used to detect the
linearly combined demodulated complex symbols c

( )p
m0,n0 at each

receiver branch using zero forcing (ZF), minimum mean square
error (MMSE), or maximum likelihood (ML). In c

( )p
m0,n0 , the imag⁃

inary parts are intrinsic interference terms. By taking R{}. op⁃
eration, the transmitted symbols a

( )p
m0,n0 =R{ }c

( )p
m0,n0 are recovered.

2.2 Channel Estimation
To obtain the channel information over one frame duration

on each receive antenna, we need to know the transmitted pilot
symbols. The number of these pilot symbols should be equal to
P to form a linear equation system with the least square estima⁃
tion method. For simplicity, let us consider a 2⁃by⁃2 antenna

scenario. By allocating two pilot symbols at times n = n0 and
n = n1 on each antenna, the equation set of the system on su⁃
bcarrier m is given by
æ
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.
(12)

In (12), x
( )p
m,n are pilot symbols. We have assumed that there

is no significant variations in the channel between time slots
n0 and n1 . Hence, we can drop the time subscript and express
(12) as
Ym =HmXm +ηm. (13)
Thus, channel coefficients can be calculated by the least

square estimation method:
Ĥm =Ym( )XH

mXm

-1
XH

m =Hm +ηm( )XH
mXm

-1
XH

m , (14)
or in a special case with the equal number of transmit and re⁃
ceive antenna:
Ĥm =YmX

-1
m =Hm +ηmX

-1
m . (15)

The preamble in the IAM methods is composed of 2P + 1
symbols. That is, the length of the preamble grows linearly
with P. The symbols with even time indices are pilots, while
other symbols are all zeros to protect pilots from intrinsic inter⁃
ference. Based on the values of pilot symbols, i.e. real, imagi⁃
nary, or complex valued pilots, IAM ⁃R, IAM ⁃ I and IAM ⁃ C
were proposed. In these approaches, the channel coefficients
can be obtained using (12). For P=2, pilot symbols in (12) are
set as x

( )1
m,n0 = x( )1

m,n1 = x( )2
m,n0 = -x( )2

m,n1 = xm . Hence, they form a system
based on (12) as
Ym = xmHm( )1 11 -1 +ηm = xmHmA2 +ηm, (16)

where A2 =A-1
2 is an orthogonal matrix if omitting the co⁃

nstant coefficient of the inverse [14]. Finally, the channel coef⁃
ficients are obtained as follows:
Ĥm = 1

xm
YmA2 =Hm + 1

xm
ηmA2. (17)

The length of the preamble in this method is 2P+1=5 with
just two pilot symbols. As a result, this approach suffers from
significant pilot overhead which reduces the spectral efficien⁃
cy. Furthermore, the periodic nature of the pilots in these pre⁃
ambles results in high PAPR at the output of the synthesis filter⁃

▼Table 1. Weights of interference on the first⁃order neighbours

m0 - 1
m0

m0 + 1

n0 - 1
( )-1 m0 δ

-( )-1 m0γ

( )-1 m0 δ

n0

-β
1
β

n0 + 1
( )-1 m0 δ

( )-1 m0γ

( )-1 m0 δ
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bank [14].

3 Proposed Method
In order to reduce the preamble overhead and accordingly

increase the spectral efficiency, a novel channel estimation ap⁃
proach with modest computation complexity is proposed. Since
there is no need to have an estimation of the channel on each
subcarrier, we can reduce the number of pilot symbols to one.
In this way, each subcarrier is allocated to only one branch to
transmit pilot. That is, while a branch is transmitting pilot on a
subcarrier, the other branches remain silent. Therefore, the
channel parameters between the receive branch and the pilot
transmitting branch on that specific subcarrier can be ob⁃
tained. This method enables the increase of transmit branches
with a constant length of the preamble.

To elaborate the system more precisely, we assume a 2x2
MIMO system where preambles for branches 1 and 2 are
shown in Fig. 1. It can be seen that the first and third symbols
are all zero to protect the preamble from intrinsic interference
from data section and previous frame. In the middle symbol for
branch 1, complex pilots are placed on odd subcarriers, while
the other subcarriers carry zeros. On branch 2, orthogonal pi⁃
lots to branch 1 are sent, i.e., even subcarriers carry complex
pilots and the rest are zero valued. On a particular subcarrier
m =m0 , the system equations is written as follows:
æ

è

ç
ç

ö

ø

÷
÷

y
( )1
m0

y
( )2
m0

= æ
è
çç

ö

ø
÷÷

h1,1
m0

h1,2
m0

h2,1
m0

h2,2
m0

æ

è

ç
ç

ö

ø

÷
÷

x
( )1
m0

x
( )2
m0

+ æ
è

ç
ç

ö

ø

÷
÷

η
( )1
m0

η
( )2
m0

. (18)

On odd subcarriers m0 = 2k + 1 , we have x
( )1
m0 =Xm0 , while

x
( )2
m0 = 0 . Then, the channel coefficients h1,1

m0 and h2,1
m0 are ob⁃

tained as
h1,1
m0
= y

( )1
m0

Xm0

|​
x
( )2
m0

= 0

h2,1
m0

= y
( )2
m0

Xm0

|​
x
( )2
m0

= 0.

(19)

Likewise, on even subcarriers the channel coefficients of
h1,2
m0 and h2,2

m0 are given by

h1,2
m0

= y
( )1
m0

Xm0

|​
x
( )1
m0
= 0

h2,2
m0

= y
( )2
m0

Xm0

|​
x
( )1
m0
= 0.

(20)

Hence, we have calculated the channel parameters between
each pair of antennas on alternative subcarriers. Channel Coef⁃
ficients on the rest of subcarriers can be obtained by interpola⁃
tion. Due to short distance between pilots in this system, linear
interpolation provides enough accuracy with the advantage of

low complexity.
The technique works perfectly for MIMO ⁃ OFDM systems

[15]. When applying this method to MIMO⁃FBMC, intrinsic in⁃
terference degrades the channel estimation performance, i.e.,
transmitted pilots from one branch interfere with the received
pilots on other branch. Consequently, the conditions in (19)
and (20) no longer hold. To tackle this problem, we propose a
precoding approach in which the interference is calculated at
the transmitter side. Then, the zero points in pilot symbols are
replaced by Im,n , so that there are no interference on the corre⁃
sponding points at the receiver side. That is, the pilots are re⁃
ceived without any interference from other branches.
Fig. 2 shows the precoded pilots. The value of cancelling in⁃

terference on subcarrier m is calculated by using (10) as

Im,n = - ∑( )m',n' ∈ Ω*

a
( )p
m,n g

m',n'

m,n . (21)

Moreover, the adjacent points of the pilot Xm are filled with
pre⁃calculated values to maximize the received signal energy,
thereby to enhance the estimation accuracy [18]. Defining
Xm =X R

m + jX I
m , These values would be

X '
m = - jX I

m

X ″
m = -XR

m. (22)

Consequently, the amplitude of the real and imaginary parts
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▲Figure 1. The basic preamble for two antennas.

▲Figure 2. The preambles for two antennas after interference
cancellation of the first and third time symbols that helps the pilots
become stronger.
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of the received pilots becomes
|| X̂ R

m = ||XR
m + γ ||X '

m + γ ||X I
m

|| X̂ I
m = ||X I

m + γ ||X ″
m + γ ||XR

m

, (23)

where γ is the interference weight shown in Table 1. The com⁃
plete design of the preambles is displayed in Fig. 2. The pilots
can take arbitrary values. In this work, the maximum ampli⁃
tude of the used QAM modulation is used so that X R

m =X I
m . Inorder to avoid high PAPR, the sign of the pilots should be

changed alternatively after a number of repetitions. The final
value of the received pilots in (23) with X R

m =X I
m is

X̂m = ( )1 + 2γ Xm. (24)
The extension to P⁃branch MIMO system is straightforward.

In this case, one subcarrier of every P subcarriers carries a pi⁃
lot (non⁃zero), while each branch’s pilot symbol is orthogonal
to other branches. The more transmit branches, the more dis⁃
tance between pilot subcarriers. Consequently, for larger num⁃
ber of branches, the quality of channel estimation degrades.

4 Simulation Results
In this section, different preamble⁃based channel estimators

for a 2x2 MIMO⁃FBMC system are simulated and compared.
The simulations are performed using 7⁃tap EPA⁃5Hz and 9⁃tap
ETU⁃70Hz channel models with low spatial correlations. Per⁃
fect synchronization is assumed for BER and MSE comparison,
i.e., there is no timing or frequency offset errors. In order to de⁃
tect symbols, MMSE equalizer is used. Table 2 summarizes
the simulation parameters.

The results are compared with IAM⁃R and IAM⁃C methods
introduced in [14]. For fair comparison, the transmission power
is kept equal for all methods. In this system, Eb

N0
is defined by

Eb

N0
=Q SNR

α × log2( )M
, (25)

where M = 16 is the modulation order, SNR is signal⁃to⁃noise
ratio, and α =Ns - Np

Ns

with the frame length Ns = 14 and the
preamble length Np . The length of preamble Np in the pr⁃

oposed method is three symbols resulting in 40% overhead re⁃
duction compared to IAMs. As a result, a performance gain is
expected due to shorter preamble. The extra symbols generated
by the synthesis filter⁃banks can be dropped before transmis⁃
sion, but one of them with the most power should be kept to
avoid filtering errors after demodulation, i.e., Ns + 1 symbols
are transmitted. To consider this extra symbol, α can be
changed to α =Ns - Np

Ns

+ 1 .

4.1 PAPR Comparison
Fig. 3 shows the comparison between the proposed method

and IAMs in terms of PAPR. The plots show the squared mag⁃
nitude of the preambles at the output of the synthesis filter ⁃
bank on branch 1. Evidently, from the point of practical imple⁃
mentations, the proposed method is preferable. Whereas in the
others, the signal level should be kept very low to avoid A/D
saturations. The PAPR levels for the pilot symbols are com⁃
pared in Table 3 for the three methods.
4.2 Channel Estimation Performance Comparison
Fig. 4 shows the MSE comparison of the channel estimation

methods. To calculate MSE, the channel tap on the second
symbol in frame is considered as reference and it is assumed
constant during the symbol duration. Then, the MSE is calcu⁃
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▼Table 2. Simulation parameters

EPA: Extended Pedestrian A model
ETU: Extended Typical Urban model

FFT: fast Fourier transform
QAM: quadrature amplitude modulation

Modulation type
FFT size

Used subcarriers
Sampling frequency
Symbols per frame

Channel

M⁃QAM, M =16
256
144

3.84 MHz
14

EPA 5 Hz, ETU 70 Hz

▼Table 3. PAPR comparison for the three methods

IAM⁃C: Interference Approximation Method⁃complex pilots
IAM⁃R: Interference Approximation Method⁃real valued pilots

PAPR: peak to average power ratio
PAPR

IAM⁃C
17.5

IAM⁃R
9.3

Proposed
7.2

▲Figure 3. Squared magnitude of the preambles on output of
the branch 1.
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lated using the estimated channel Ĥ as Eæ
è

ö
ø( )H - Ĥ H( )H - Ĥ .

It can be seen that the proposed preamble outperforms IAM⁃R
and has approximately the same performance as IAM⁃C in both
channel models. In the EPA⁃5Hz scenario, the proposed meth⁃
od gradually reaches an error floor. This is due to domination
of errors from ISI and interference cancellation residual. How⁃
ever, the performance is still as good as IAM⁃C. In the ETU⁃
70Hz scenario, because of rapid variation of the channel taps,
the assumption of constant channel over Ω * in (8) is invalid.
Consequently, the performance of all the methods degrades
and reaches an error floor in higher SNRs. This is a general
problem in channel estimation for FBMC systems where the re⁃
ceiver should necessarily have an estimation of intrinsic inter⁃
ferences for channel estimation. However, the degradation on
IAMs is more significant as the channel is estimated using two
symbols with one zero symbol in between. Therefore, as the
channel is not constant over the two pilot symbols, degradation
is higher than the proposed method with only one symbol for
channel estimation. The Cramer⁃Rao lower bound (CRLB) for
the proposed method, derived in Appendix A has also been
plotted in the figure for benchmark comparison. It can be seen
that the proposed scheme achieves closest performance to the
theoretical lower bound in comparison to the other schemes.

Fig. 5 shows the MSE comparisons in terms of residual
CFO. It is assumed that the CFO has been estimated and com⁃
pensated before channel estimation. As the estimated CFO is
not perfect, the residual CFO affects the quality of channel esti⁃
mation. Therefore, the methods are compared in presence of re⁃
sidual CFO in the two channel scenarios without added white
Gaussian noise. When the CFO is zero, the MSEs show the er⁃
ror floor of the methods in Fig. 4 at very high SNRs. It can be

seen that in EPA channel, the error floor of the proposed meth⁃
od is higher than IAM⁃C, while it has the best performance un⁃
der ETU channel. This is also true for the other values of CFO,
where the degradation of MSE in the proposed method is lower
than the other two in both channels.
4.3 Bit Error Rate Performance Comparison

The BER performance comparison with respect to Eb

N0
is il⁃

lustrated in Fig. 6. Evidently, the proposed method performs
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CRLB: Cramer⁃Rao lower bound
EPA: Extended Pedestrian A model
ETU: Extended Typical Urban model
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▲Figure 4. MSE performance of the channel estimation methods. ▲Figure 5. MSE performance of the channel estimation methods in
presence of residual CFO.

▲Figure 6. BER performance of the channel estimation methods.
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better compared to the others in low mobility EPA⁃5Hz scenar⁃
io. In the high mobility ETU⁃70Hz channel, the performance
deteriorates as the channel varies significantly during the
frame time. Consequently, the preamble⁃based channel estima⁃
tion is not a proper choice for high mobility applications and
there is an error floor for all the curves showing around six per⁃
cent bit error rate.

5 Conclusions
In this paper, we proposed a novel channel estimation algo⁃

rithm with much reduced pilot overhead compared to the exist⁃
ing IAM based approaches. Our results show that the proposed
method has better PAPR property. The system performance un⁃
der low mobility and high mobility channels, as well as in the
presence of CFO, has been simulated and compared. Accord⁃
ing to the results, the proposed method achieves comparable
channel estimation performance to the IAM methods, and bet⁃
ter BER performance due to shorter preamble.
Appendix A
Cramer⁃Rao Lower Bound for the Proposed Channel Es⁃
timation

In this section, a lower bound for the proposed channel esti⁃
mator is derived. We simplify the system using equations (13),
(18), (19), and (20) as
Y =XH +η, (26)

where Y = [ ]y1 y2 is the received signal vector, η = [ ]η1 η2 is
the noise vector, H = [ ]h1 h2 is the channel vector to be esti⁃
mated, X is the pilot symbol. The subcarrier index has also
been dropped for simplicity.

The CRLB is a bound on the smallest covariance matrix that
can be achieved by an unbiased estimator, Ĥ , of a parameter
vector H as

J-1 ≤C
Ĥ
=E{ }( )H - Ĥ ( )H - Ĥ * ;

J =Eìí
î

ï

ï

ü
ý
þ

ï

ï

æ

è
çç

ö

ø
÷÷

∂ ln p( )Y ;H
∂H

æ

è
çç

ö

ø
÷÷

∂ ln p( )Y ;H
∂H

*
, (27)

where ( )∙ * denotes conjuagate transpose operation, J is the
Fisher information matrix and ln p( )Y ;H is the log⁃likelihood
function of the observed vector Y . The vector Y is a complex
Gaussian random vector, i.e., Y∼CN( )XH,N0I with likeli⁃
hood function and log⁃likelihood function as

where K is a constant. Taking the complex gradient [20] of
ln p( )Y ;H with respect to H yields

∂ ln p( )Y ;H
∂H = - 1

N0
[ ]X*XH -X*

Y
*. (29)

The above equality holds since
∂Y2

∂H = 0; ∂H*X*
Y∂H = 0;

∂Y*XH∂H = ( )X*
Y

* ; ∂H*X*XH∂H = ( )X*XH
*.

(30)

Thus we can derive,
∂ ln p( )Y ;H

∂H* = æ
è
çç

ö

ø
÷÷

∂ ln p( )Y ;H
∂H

*
= X*

Y -X*XH
N0

=
X*X
N0 { }( )X*X

-1
X*Y -H = J( )H [ ]Ĥ -H .

(31)

This proves that the minimum variance unbiased estimator
of H is
Ĥ = ( )X*X

-1
X*Y = Y

X
. (32)

It is efficient in that it attains the CRLB. The Fisher informa⁃
tion matrix J( )H and covariance matrix C

Ĥ of this unbiased
estimator are

J( )H =Eé
ë
êê

ù

û
úú

X*XI2
N0

= E[ ]X*X I2
N0

= Ex

N0
I2

C
Ĥ
= J-1( )H = N0Ex

I2.
(33)

In (33), Ex is the pilot energy. The CRLB for each diagonal
element of J-1( )H is

var( )ĥ1 = var( )ĥ2 = diag[ ]C
Ĥ i

= N0
Ex

. (34)
As the pilots in this system are amplified exploiting intrinsic

interference by the factor of 1 + 2γ , Ex should be replaced
by E'

x = ( )1 + 2γ 2
Ex . Assuming Ex

N0
is approximately equal to

SNR and considering (25), (34) becomes
var( )ĥ1 = var( )ĥ2 = N0

Ex

1
( )1 + 2γ 2 . (35)
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( )Y ;H = 1
( )πN0

2 expé
ë
êê

ù

û
úú- ( )Y -XH *( )Y -XH

N0
=

1
( )πN0

2 expé
ë
ê

ù
û
ú-Y2 -H*X*Y -Y*XH +H*X*XH

N0
;

ln p( )Y ;H =K - Y2 -H*X*Y -Y*XH +H*X*XH
N0

,

(28)
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